
Lemma 6.5. We have

si+j−1[Hij ] =





j, if i = 0, i.e. Hij = CP j−1;
2, if i = j = 1;
0, if i = 1, j > 1;
−(

i+j
i

)
, if i > 1.

Proof. Let i = 0. Since the stably complex structure on H0j = CP j−1 is determined by the isomorphism
T (CP j−1)⊕ C ∼= η̄ ⊕ . . .⊕ η̄ (j summands) and x = c1(η̄), we have

sj−1[CP j−1] = jxj−1〈CP j−1〉 = j.

Now let i > 0. Then

si+j−1(T (CP i × CP j)) = (i + 1)xi+j−1 + (j + 1)yi+j−1 =

{
2xj + (j + 1)yj , if i = 1;
0, if i > 1.

Denote by ν the normal bundle of the embedding ι : Hij → CP i × CP j . Then

(1) T (Hij)⊕ ν = ι∗(T (CP i × CP j)).

Since c1(ν) = ι∗(x + y), we obtain si+j−1(ν) = ι∗(x + y)i+j−1.
Assume i = 1. Then by (1) and the previous Proposition,

sj [H1j ] = sj(T (H1j))〈H1j〉 = ι∗(2xj + (j + 1)yj − (x + y)j)〈H1j〉

= (2xj + (j + 1)yj − (x + y)j)(x + y)〈CP 1 × CP j〉 =

{
2, if j = 1;
0, if j > 1.

Assume now that i > 1. Then si+j−1(T (CP i × CP j)) = 0, and we obtain from (1) and the previous
Proposition that

si+j−1[Hij ] = −si+j−1(ν)〈Hij〉 = −ι∗(x + y)i+j−1〈Hij〉 = −(x + y)i+j〈CP i × CP j〉 = −(
i+j

i

)
.
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