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Abstract

Let K be a k-dimensional simplicial complex having n faces of dimension k and M
a closed (k − 1)-connected PL 2k-dimensional manifold. We prove that for k ≥ 3 odd

K embeds into M if and only if there are

• a skew-symmetric n × n-matrix A with Z-entries whose rank over Q does not

exceed rkHk(M ;Z),
• a general position PL map f : K → R2k, and

• a collection of orientations on k-faces of K
such that for any nonadjacent k-faces σ, τ of K the element Aσ,τ equals to the

algebraic intersection of fσ and fτ .
We prove some analogues of this result including those for Z2- and Z-embeddability.

Our results generalize the Bikeev-Fulek-Kynčl-Schaefer-Stefankovič criteria for the Z2-
and Z-embeddability of graphs to surfaces, and are related to the Harris-Krushkal-
Johnson-Paták-Tancer criteria for the embeddability of k-complexes into 2k-manifolds.
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1 Introduction and main results

1.1 Introduction

The study of graph drawings on 2-dimensional surfaces is an active area of mathematical
research. Higher-dimensional generalization is classical and has attracted much attention
recently. A major problem asks if there exists an algorithm for recognizing the embeddability
of k-dimensional complexes into a given 2k-dimensional manifold. A quick algorithm based
on a beautiful mathematical result is (as always) preferable. If k = 1, or if the manifold is
a sphere (or a ball or R2k), then there is a classical algorithm, see e.g. survey [MTW, §1].
For k > 1 and a closed manifold different from S2k no algorithm is known.

We shorten ‘k-dimensional (face, manifold, etc)’ to ‘k- (face, manifold, etc)’.
A general position PL map f : K →M of a graph to a 2-surface (a.k.a. a graph drawing

on M) is called a Z2-embedding (a.k.a. Hanani-Tutte drawing) if |fσ∩ fτ | is even for any
pair σ, τ of non-adjacent (a.k.a. independent) edges.

Analogously, a general position PL map f : K → M of a k-complex to a PL 2k-manifold
is called a Z2-embedding if |fσ ∩ fτ | is even for any pair σ, τ of nonadjacent k-faces.

Z-embedding is defined analogously in §1.3.
Algorithms for recognizing the Z2- and Z-embeddability of k-complexes to given 2k-

manifold are also interesting.
Our main results are criteria for the Z2- and Z-embeddability of k-dimensional com-

plexes to 2k-dimensional manifolds (Theorems 1.2.3 and 1.3.4). These criteria
• give embeddability criteria by Theorem 1.3.1.a;
• reduce embeddability to finding minimal rank of ‘partial matrix’ (and to related prob-

lems); this is extensively studied in computer science, see e.g. [Ko21] and surveys [MC, NKS];
• generalize criteria for the Z2- and Z-embeddability of graphs to surfaces obtained in

Bikeev’s paper [Bi21] using ideas of Fulek-Kynčl-Schaefer-Stefankovič [SS13, FK19];
• are related to the Harris-Krushkal-Johnson-Paták-Tancer criteria for the embeddability

of k-complexes into 2k-manifolds (as explained in Remarks 1.1.1.b and 1.3.7).
We also obtain interesting Theorems 2.4.1, 2.4.2, and Corollaries 1.2.1, 1.2.2, 1.3.2, 1.3.3

and 1.3.5; some of them are easier-to-state and so are presented before the criteria. The
cases k = 1 of all our results are known ([Bi21, Theorems 1.1 and 1.4], [SS13, Lemma 1];
Theorem 2.4.2 for k = 1 follows from [SS13, Lemma 3]).

Remark 1.1.1. (a) Motivation. The notions of Z2- and Z-embedding naturally appeared in
the studies of embeddings. Some proofs of the non-embeddability of k-complexes into R2k

actually show that these complexes are not Z2- or Z-embeddable to R2k. See e.g. surveys
[Sk18, Lemma 1.4.3], [Sk14, Theorem 1.4] and [KS21, Remark 1.2.d]. Some constructions of
embeddings have constructions of Z-embeddings as a natural intermediate step allowing to
structure the proof. See e.g. comments after Theorem 1.3.1, [FKT, §2] and survey [Sk06,
§4]. The property of being a Z2- or Z-embedding is stable, i.e. is preserved under small
enough perturbation of a map (as opposed to the property of being an embedding). The
notion of Z2-embedding is most actively studied for the case of graphs drawings on surfaces,
see survey [Sc13] and [SS13, FK19, Bi21]. Analogous remarks hold for almost embeddings
(defined e.g. in [FKT, §4], [PT19, §1]).

(b) Known higher-dimensional criteria. Criteria for the embeddability of k-complexes in
m-manifolds for 2m ≥ 3k+3 are given in [Ha69, Theorem 1 and Corollaries 6, 7, 8], in terms
of isovariant maps or cohomology obstructions. Assume further that m = 2k ≥ 6. Such
criteria in a different equivalent form involving intersection cocycles are given in [Jo02]; see
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exposition in §2.3, in (EH) of Proposition 2.5.1, and in Remark 2.5.6.b; cf. [La70]. A criterion
in terms of solvability of a system of quadratic Diophantine equations is the conjunction of
[PT19, Theorems 1, 4 and 15] (cf. Theorem 1.3.4 and Remark 1.3.7.a). A new formula for the
cohomology obstruction is given implicitly in [Kr00, Theorem 3.2] and explicitly in [PT19,
Theorem 1]1, see exposition in Lemma 2.5.5. An algorithmic criterion for Z2-embeddability
in terms of the cohomology obstruction is [PT19, Proposition 16, Theorem 10.i]. See footnote
3. For the Kühnel problem see [PT19, KS21] and the references therein.

Notation and conventions.
Denote by |S|2 ∈ Z2 the number of elements modulo 2 in a finite set S.
Denote by ∆k

N the union of k-faces of N -simplex.
A PL manifoldM is called (k−1)-connected if for any j = 0, 1, . . . , k−1 any continuous

map Sj = ∆j
j+1 →M extends to a continuous map ∆j+1

j+1 →M .
We work in the piecewise-linear (PL) category. Unless otherwise indicated, k ≥ 1 is any

integer, K a (simplicial) k-complex having n faces of dimension k, and M is any compact
(k − 1)-connected PL 2k-manifold (possibly, with boundary).

In this paragraph R is Z2 or Z. Let Hk(X ;R) be the k-dimensional homology group of
a complex X with coefficients in R, defined to be the group of homology classes of k-cycles
in X with coefficients in R. For a simple accessible to non-specialists definition see [IF, §2],
[Sk20, §6, §10]. Let Hk(M ;R) := Hk(X ;R) for any triangulation X of M .

We omit Z2-coefficients from the notation of (co)homology groups.

1.2 Z2-embeddings

Corollary 1.2.1. (a) There is an algorithm checking the Z2-embeddability of k-complexes
to M .

(b) For any s there is a k-complex having no Z2-embedding (and so no embedding) to the
connected sum of s copies of Sk×Sk. As an example one can take the disjoint union of s+1
copies of ∆k

2k+2.

Part (a) follows from Theorem 1.2.3 and Lemma 2.3.2 for M = R2k. Part (b) follows
from Theorem 2.4.1.

Definition of the modulo 2 intersection form. For k-cycles α, β modulo 2 in (any
triangulation of) M take close (or homotopic) ‘general position’ modulo 2 k-cycles α′, β ′.
Let

α ∩M β := |α′ ∩ β ′|2 ∈ Z2.

This is well-defined, i.e., is independent of α′, β ′ for given α, β. This is also independent of
the choice of α, β within their homology classes. So we denote this by [α]∩M [β] ∈ Z2, where
[α], [β] ∈ Hk(M), and denote by ∩M : Hk(M) × Hk(M) → Z2 the modulo 2 intersection
form of M . For details and references see [IF, §2]. (If M is closed, then rk∩M = rkHk(M)
by Poincaré duality.)

1See Remark 2.5.2.b. Theorem 3.2 of [Kr00] concerns the case of embedding onto spines, k = 2, rational
coefficients, and embeddings (not almost embeddings as in [PT19, Theorem 1]). Generalizations to arbitrary
embeddings, to k ≥ 3, and to integer coefficients, are straightforward. For k ≥ 3 almost embeddability is
equivalent to embeddability by Theorem 1.3.1.a (it would be interesting to see whether the obstructions
of [Kr00] are obstructions to almost embeddability, not just to embeddability). The completeness of this
obstruction follows by seeing that the obstruction of [Kr00, Theorem 3.2] equals to the obstruction of [Jo02];
the completeness was explicitly proved only as [PT19, Theorem 4]. Since the van Kampen obstruction has
order 2, the rational van Kampen obstruction of [Kr00, Theorem 3.2] is zero.
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For R = Z or Z2 a bilinear form q : V × V → R on a Z2-vector space or Z-module V
is called even if q(v, v) is even for any v ∈ V , and is odd otherwise. A symmetric matrix
with Z2- or Z-entries is even (for the case of Z2 a.k.a. alternate) if its diagonal contains
only even entries, and is odd otherwise. The type of a bilinear form or a symmetric matrix
is its being even or odd.

Corollary 1.2.2. The Z2-embeddability of a given k-complex to M depends only on the rank
and the type of ∩M .

This follows from Theorem 1.2.3 and Remark 1.2.4.a.
The complex K is called compatible modulo 2 to a symmetric n × n-matrix A with

Z2-entries if there is a general position PL map f : K → R2k such that

(Cf) Aσ,τ = |fσ ∩ fτ |2 for any non-adjacent k-faces (for k = 1 edges) σ, τ of K.

Compatibility modulo 2 is algorithmically decidable by Lemma 2.3.2 for M = R2k.

Theorem 1.2.3 (proved in §2.2, §2.3). There is a Z2-embedding K → M if and only if K
is compatible modulo 2 to a matrix A such that rkA ≤ rk∩M and A is even/odd if ∩M is
even/odd.

See more equivalent conditions in Proposition 2.5.1.

Remark 1.2.4. (a) Recall that
• there are two isomorphism classes of non-degenerate symmetric bilinear forms over Z2

of given rank: odd forms and (for even rank) even forms [IF, Theorem 6.1];
• (k − 1)-connected smooth 2k-manifolds with odd forms exist only for k = 1, 2, 4 (see a

folklore proof in [KS21, footnote 1]; the PL analogue presumably holds).
(b) Is there a polynomial (in n) algorithm for checking the Z2-embeddability of k-

complexes to a fixed M for k > 1? By (a) and Corollary 1.2.2 it suffices to answer this
question for M being a connected sum of several copies of Sk ×Sk (for ∩M even) or of CP 2,
of HP 2 (for ∩M odd). For k = 1 see [Bi21, Remark 1.2.b].

1.3 Z-embeddings and embeddings

In this section we assume that M is orientable (until Corollary 1.3.3 there is no need to
assume that M is (k − 1)-connected).

Let f : K →M be a general position PL map.
Then preimages y1, y2 ∈ K of any double point y ∈ M lie in the interiors of k-faces.

By general position, f is ‘linear’ on some neighborhood Uj of yj for each j = 1, 2. Given
orientation on the edges, we can take a basis of 2 vectors formed by oriented fU1, fU2. The
intersection sign of y is the sign ±1 of the basis. The algebraic intersection number
fσ · fτ ∈ Z for non-adjacent oriented k-faces σ, τ is defined as the sum of the intersection
signs of all intersection points from fσ ∩ fτ .

An example of a Z2-embedding which is not a Z-embedding is shown in Fig. 1, right.
The map f is called a Z-embedding if fσ · fτ = 0 for any pair σ, τ of non-adjacent

k-faces. (The sign of fσ · fτ depends on an arbitrary choice of orientations for σ, τ and on
the order of σ, τ , but the condition fσ · fτ = 0 does not.)
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Figure 1: Two curves intersecting at an even number of points the sum of whose signs is
zero (left) or non-zero (right).

Theorem 1.3.1. (a) A complex of dimension k ≥ 3 is PL embeddable into a simply con-
nected PL 2k-manifold M if and only if the complex is Z-embeddable to M .

(b) For each k ≥ 2 there is a 2-complex Z2-embeddable but not Z-embeddable to R2k.
(c) There is a 2-complex Z-embeddable but not embeddable to R4.

Comments on the proof. Part (a) is a convenient intermediate step (both for this paper and
for [PT19]) allowing to construct embeddings from Z-embeddings, and to describe relation
of the proof to known results and methods. Part (a) is essentially classical. For M = R2k

it is proved in [vK32, Sh57, Wu58]; for a simple exposition see [FKT, §2], [Sk06, §4]. The
general case is proved in the same way, just note that in [FKT, Lemma 4, 5 and application
of the Whitney trick in the proof of Theorem 3] R2k could be replaced by M . See details
in [Jo02, Corollary 2 and Theorem 4]. The proofs of [Jo02] mentioned here and in Remark
2.3.3 are written for ‘smooth’ maps of complexes but work for PL maps. The analogue of
(a) for k = 1 is correct (because a compact simply connected 2-manifold is a sphere, and by
the Hanani-Tutte Theorem, see e.g. [Sk18, Theorem 1.5.3]).

Part (b) is proved in [Me06, Example 3.6].
Part (c) is proved in [FKT] (although it is stated there in a different equivalent form),

see a simpler proof in [AMS+, §2.2].
We conjecture that the analogue of Corollary 1.2.1.a is correct for k ≥ 2, M orientable

and ‘Z2-embeddability’ replaced by ‘Z-embeddability’ (or, equivalently for k ≥ 3, by ‘embed-
dability’).

For some K,M an integer analogue of Theorem 1.2.3 is obtained by replacing residues
modulo 2 by integers. The complex K is called compatible to an n × n-matrix A with
Z-entries if there is a general position PL map f : K → R2k such that for some collection of
orientations on k-faces (for k = 1 edges) of K we have

(Cf,Z) Aσ,τ = fσ · fτ for any non-adjacent k-faces σ, τ of K.

It is not clear whether compatibility is algorithmically decidable (in spite of Lemma 2.3.4
for M = R2k).

In this paper by the rank of a matrix with integer entries, or of a bilinear form on a
Z-module, we mean its rank over Q.

Corollary 1.3.2. (a) A 4-complex embeds into HP 2 if and only if the complex is compatible
to a rank 1 symmetric n × n-matrix A with Z-entries, whose any diagonal element is the
square of an integer.

(b) A 2-complex has a Z-embedding to CP 2 if and only if the complex is compatible to a
matrix as in (a).

Corollary 1.3.2 follows by Theorem 1.3.4 and Lemma 2.1.7 (for (a) we also need Theorem
1.3.1.a). Corollaries 1.3.2.a, 1.3.3.a and Theorem 1.3.4 could perhaps be useful for [PT19,
Problem 22].
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Definition of the integer intersection form. For integer k-cycles α, β in (any trian-
gulation of) M take close (or homotopic) ‘general position’ integer k-cycles α′, β ′. Let

α ∩M,Z β := α′ · β ∈ Z.

This is well-defined, i.e., is independent of α′, β ′ for given α, β. This is also independent
of the choice of α, β within their homology classes. So we denote this by [α] ∩M,Z [β] ∈ Z,
where [α], [β] ∈ Hk(M ;Z), and denote by ∩M,Z : Hk(M ;Z) × Hk(M ;Z) → Z the integer
intersection form of M . For details and references see [IF, §2]. Clearly, the product of a
torsion element of Hk(M ;Z) with any element is zero. Hence ∩M,Z can be regarded as a
form Hk(M ;Z)/T × Hk(M ;Z)/T → Z, where T is the torsion subgroup. By rkHk(M ;Z)
and rk∩M,Z we denote the rank over Q of Hk(M ;Z)/T and of ∩M,Z defined on this quotient.
(If M is closed, then rk∩M,Z = rkHk(M ;Z)/T by Poincaré duality. A standard fact is that
Hk(M ;Z) is a free abelian group, i.e., T = 0, when M is (k − 1)-connected.)

Corollary 1.3.3. (a) For k odd and M closed there is a Z-embedding K → M if and only
if K is compatible to a skew-symmetric matrix A such that rkA ≤ rk∩M,Z.

(b) The Z-embeddability of given k-complex to M depends only on ∩M,Z.

Corollary 1.3.3 follows by Theorem 1.3.4; for (a) we also need Lemma 2.1.6 and the fact
that any unimodular skew-symmetric bilinear form over Z is isomorphic to the symplectic
form [IF, Proposition 6.2].

For general k,M an integer analogue of Theorem 1.2.3 is more complicated.
Let V be an abelian group (or, equivalently, a Z-module). The complex K is called

realizable by a bilinear form I : V × V → Z and a collection of elements yσ ∈ V
indexed by k-faces σ of K if there are a general position PL map f : K → R2k and
orientations on k-faces of K such that

(Rf,Z) I(yσ, yτ) = fσ · fτ for any non-adjacent k-faces σ, τ of K.

Comment. Here is the matrix form of the above definition. The complex K is called
realizable by an s × s-matrix I of integers and a collection of vectors yσ ∈ Zs indexed by
k-faces of K if there are a general position PL map f : K → R2k, and orientations on
k-faces of K such that

(Rf,Z) yTσ Iyτ = fσ · fτ for any non-adjacent k-faces σ, τ of K.

Since the system (Rf,Z) of Diophantine equations with coefficients I, fσ · fτ and variables
{yσ} is quadratic, it is not clear whether its solvability is algorithmically decidable.

Theorem 1.3.4 (proved in §2.2, §2.3). There is a Z-embedding K →M if and only if K is
realizable by ∩M,Z and some collection of homology classes yσ ∈ Hk(M ;Z).

Corollary 1.3.5. Assume that k is even, M is closed, and ∩M,Z is odd indefinite with
positive and negative ranks r+ and r−. There is a Z-embedding K → M if and only if K is
realizable by a collection of vectors yσ ∈ Zr++r− and the square matrix of size r++ r− having
r+ units on the diagonal, r− elements ‘−1’ on the diagonal and zeros outside the diagonal.

This follows by Theorem 1.3.4 and classification of symmetric unimodular odd indefinite
bilinear forms over Z [IF, Theorem 6.3.a].
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Conjecture 1.3.6. (a) For k odd there is a Z-embedding K → M if and only if K is
compatible to a skew-symmetric matrix A such that rkA ≤ r := rk∩M,Z and every r × r
minor of A is divisible by the determinant of the matrix of ∩M,Z in some basis of Hk(M ;Z).

(This would follow from (b) and Theorem 1.3.4.)
(b) Suppose that A,H are skew-symmetric matrices with Z-entries, H is nondegenerate,

rkA ≤ rkH , and every rkH× rkH minor of A is divisible2 by detH . Then there is a matrix
Y with Z-entries such that A = Y THY .

(c) Both conditions of Corollary 1.3.5 are equivalent to K being compatible to an odd
indefinite symmetric matrix A whose positive and negative ranks do not exceed those of
∩M,Z.

Remark 1.3.7 (Relation to known results). (a) For k ≥ 3 and M closed
• Corollary 1.2.1.a is [PT19, Theorem 10.i];
• Corollary 1.3.3.b is essentially the same as [PT19, Proposition 8], cf. (e);
• Corollary 1.2.2 is easily deduced from [PT19, Proposition 16], and Theorem 1.3.4 is

easily deduced from Theorem 1.3.1.a and the conjunction of [PT19, Theorems 1, 4 and 15].3

Our statements and proofs are simpler than those of [PT19]. This is mostly because
we do not use Paták-Tancer version of the cohomology obstruction, but present a simpler
equivalent statement of the necessary condition (compare the definition of realizability to
the definition of ω in [PT19] exposed in §2.5). This simpler equivalent statement is an
algebraically invariant (i.e., basis-free) version of the conjunction of [PT19, Theorems 1, 4
and 15]. Having it explicitly stated allows us obtain further results with simpler proofs.

(b) The notion of compatibility (modulo 2) appeared in [FK19, Bi21]. The definition
of realizability (modulo 2) appeared implicitly in [SS13, §2.2, equality (3)], [FK19, §3.1,
equality (1)], [PT19, equality (7) in §3], [Bi21, §2, Proof of the implication (⇐) of Theorem
1.4], and explicitly in our discussions with A. Bikeev. The collection of vectors yσ from
[SS13, FK19] and this paper is essentially the same as the homomorphism ψ from [PT19].

(c) Our constructions of Z2- and Z-embeddings in Theorems 1.2.3 and 1.3.4 use known
algebraic Lemma 2.1.1 and the known construction of a map inducing a given homomorphism
in homology, cf. Lemma 2.5.3.4 Our construction of matrix A and vectors yσ in Theorems
1.2.3 and 1.3.4 use Lemmas 2.3.2 and 2.3.4 on the Harris-Johnson cohomology obstructions
(see Remark 2.3.3), and the modification of a given map as in the statement of [PT19,
Theorem 13] (exposed in Lemma 2.5.5).

(d) Geometric proofs (closer to [Bi21]) of Theorems 1.2.3, 1.3.4, and 2.4.2 could perhaps
be obtained using a handle decomposition of M .

(e) It would be interesting to know if for k ≥ 3 any two (k − 1)-connected PL 2k-
manifolds are PL homeomorphic if they have isomorphic intersection forms and boundaries
PL homeomorphic to S2k−1 (cf. classification of ‘almost closed’ manifolds [Wa62, p. 170];
pre-H-spaces and H-spaces are defined on p. 168 and 169). This statement implies Corollary
1.3.3.b for k ≥ 3 and M closed (so it implies [PT19, Proposition 8]).

2The divisibility is automatic when rkA < rkH .
3 The cited statements of [PT19] (as opposed to Corollary 1.2.2 and Theorem 1.3.4) involve cumbersome

definition of a cohomology obstruction. We have to warn the reader that this definition is based on meaning-
less formulas ξ(σ×τ) = (−1)kξ(τ×σ) and νf (σ×τ) = f(σ)·f(τ) [PT19, p. 2 and 7]. See an explanation why
they are meaningless in [KS21, Remark 3.3, Critical remarks, (6)]; see a meaningful exposition in Remark
2.5.6.a referring to §2.3. The authors of [PT19] prepared an improved version in 2020 (according to critical
remarks by A. Skopenkov). When that (or even more improved) version will be publicly available, critical
remarks on [PT19] here will be replaced by remarks on the update (i.e., hopefully will be just deleted).

4For this reason a part of our constructions is similar to [PT19, §4, proof of Theorem 4, step 1] (whose
authors presumably rediscovered this known construction, and so did not refer to it).
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2 Proofs

2.1 Linear algebraic lemmas

Let V be a Z2-vector space. The complex K is called realizable modulo 2 by a bilinear
form I : V × V → Z2 and a collection of vectors yσ indexed by k-faces of K if there
is a general position PL map f : K → R2k such that

(R2,f) I(yσ, yτ) = |fσ ∩ fτ |2 for any non-adjacent k-faces σ, τ of K.

Lemma 2.1.1. Let I : V × V → Z2 be an even/odd symmetric bilinear form on a Z2-vector
space V . The complex K is realizable modulo 2 by I and some collection of vectors yσ if and
only if K is compatible modulo 2 to an even/odd matrix A such that rkA ≤ rk I.

Lemma 2.1.1 implicitly appeared in [Bi21, §2]. Lemma 2.1.1 is easily deduced below
from well-known Lemmas 2.1.2, 2.1.4, known Lemma 2.1.5 (see proof e.g. in [Al, Theorem
3] and [MW69, Theorem 1]) and simple Lemma 2.1.3 which appeared in a discussion with
A. Bikeev and which is proved in [Bi21, §2].

Lemma 2.1.2. Let F be Z2 or Q. Let I : V × V → F be a symmetric bilinear form on an
F -vector space V . If A is a Gramian matrix with respect to I, then rkA ≤ rk I.

Proof of the implication (⇒) of Lemma 2.1.1 for I even. Denote by A the Gramian matrix
of the vectors yσ with respect to I. Then A is even and (C2,f) holds. By Lemma 2.1.2 we
have rkA ≤ rk I.

Lemma 2.1.3. Let I : V ×V → Z2 be an odd symmetric bilinear form on a Z2-vector space
V . If A is an even Gramian matrix with respect to I, then rkA ≤ rk I − 1.

Proof of the implication (⇒) of Lemma 2.1.1 for an I odd. Denote by A the Gramian ma-
trix of the vectors yσ with respect to I.

If A is odd, then by Lemma 2.1.2 rkA ≤ rk I and (C2,f) holds.
If A is even, then by Lemma 2.1.3 rkA ≤ rk I − 1. Take the matrix A′ obtained from A

by replacing the entry A1,1 by 1. Then rkA′ ≤ rk I, A′ is odd and (C2,f) holds.

Lemma 2.1.4. Let A,B be n×m and m×k matrices with entries in Z2, respectively. Then
rkAB ≤ rkB. In particular, rkAB ≤ m.

Denote by H2 the 2g × 2g-matrix with Z2-entries formed by g diagonal blocks

(
0 1
1 0

)

and zeros elsewhere.
Recall that the rank of an even symmetric matrix with entries in Z2 is even.

Lemma 2.1.5. Let A be a symmetric a × a-matrix with Z2-entries. Let H be the matrix
H rkA

2
if A is even and the rkA× rkA identity matrix otherwise. There is a rkA× a-matrix

Y such that A = Y THY .

Proof of the implication (⇐) of Lemma 2.1.1. Denote by I the matrix of the bilinear form
I in some basis (ei) of V . Denote m := dimV . For M = A, I let HM be the matrix
H rkM

2
if M is even and the rkM × rkM identity matrix if M is odd. By Lemma 2.1.5

for each M = A, I there is a matrix YM such that M = Y T
MHMYM . By Lemma 2.1.4

we have rkYI ≥ rkHIYI ≥ rk I. Hence all the rk I rows of YI are linearly independent.
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Thus there is a nondegenerate m × m-matrix Y ′
I whose first rk I rows are the rows of YI .

Denote by H ′
I the m × m-matrix

(
HI 0
0 0

)
. Then I = (Y ′

I )
TH ′

IY
′
I . Denote by Y the

m× n-matrix obtained from YA by adding m− rkA zeroes below each column of YA. Then
A = Y TH ′

IY = ((Y ′
I )

−1Y )T I((Y ′
I )

−1Y ). Denote by yσ ∈ V the vector represented in the
basis (ei) by the corresponding column of the matrix (Y ′

I )
−1Y . Then (R2,f) holds.

Denote by Hg,Z the 2g× 2g-matrix with Z-entries formed by g diagonal blocks

(
0 1
−1 0

)

and zeros elsewhere.

Lemma 2.1.6. For every skew-symmetric a× a-matrix A with Z-entries its rank r is even
and there is an r × a matrix Y with Z-entries such that A = Y THr/2,ZY .

Lemma 2.1.6 follows from [Bo81, Chapter IX, §5, Theorem 1].

Lemma 2.1.7. If a symmetric n× n matrix A with Z-entries has rank 1 and any diagonal
element of A is the square of an integer 5, then A = bT b for some vector b ∈ Zn.

Proof. Since A is symmetric and has rank 1, there are a nonzero vector u ∈ Qn and a number
q ∈ Q such that A = quTu. Then for each i = 1, . . . , n we have qu2i = Ai,i. Since u 6= 0, q is
the square of a rational number. Hence for each i = 1, . . . , n the number

√
qui is an integer.

Then let b =
√
qu.

2.2 Construction of Z2- or Z-embeddings

Lemma 2.2.1. Let M be a (k−1)-connected PL 2k-manifold, possibly with boundary. Then
any homology class in Hk(M) or in Hk(M ;Z) is represented by a general position PL map
Sk →M . For k ≥ 3 this map can be assumed to be an embedding.

A well-known proof. For k = 1 the lemma is obvious, so assume that k ≥ 2. Then M is
simply-connected. Hence by Hurewicz theorem Hk−1(M ;Z) = 0. So by the coefficient exact
sequence the reduction modulo 2 Hk(M ;Z) → Hk(M) is epimorphic. Hence it suffices to
prove the lemma for Z.

By Hurewicz theorem the map πk(M) → Hk(M ;Z) is epimorphic. Hence any homology
class α ∈ Hk(M ;Z) is represented by a continuous map Sk → M . Then by a small shift we
obtain a general position PL map Sk →M representing α.

For k ≥ 3 the latter map is homotopic to an embedding by the Penrose-Whitehead-
Zeeman-Irwin Theorem [Ir65], cf. [Sk06, Theorem 2.9].

Proof of the implication (⇐) of Theorem 1.2.3. Since K is compatible to the matrix A, by
(the implication (⇐) of) Lemma 2.1.1 K is realizable modulo 2 by ∩M and a collection
yσ ∈ Hk(M). So there is a general position map f : K → R2k such that (Rf ) holds for
I = ∩M .

Take a 2k-ball B ⊂ IntM . We may assume that fK ⊂ B. By Lemma 2.2.1 for any
k-face σ the class yσ is represented by a general position PL map σ̃ : Sk → M − B. By
general position σ̃(Sk) ∩ B = ∅. We may assume that the maps σ̃ for different σ are in
general position to each other. Take a general position PL map h : K → M obtained from
f by connected summation of f |σ and σ̃ along an arc lσ, for every k-face σ.

5 The last requirement can be replaced with “some nonzero diagonal element of A is the square of an
integer”.
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(*) For k ≥ 2 by general position we may assume that lσ ∩ (fτ ∪ τ̃Sk ∪ lτ ) = ∅ for σ 6= τ .
For k = 1 we may assume that for the tube Uσ along which we make connected summation
for σ, each of the intersections of Uσ with fτ , with τ̃Sk, and with any other tube, consists
of an even number of points.

Now the map h is a Z2-embedding because for any non-adjacent k-faces σ, τ we have

|hσ ∩ hτ |2
(1)
= |fσ ∩ fτ |2 + |σ̃Sk ∩ τ̃Sk|2

(2)
= |fσ ∩ fτ |2 + yσ ∩M yτ

(3)
= 0.

Here
• equality (1) holds because (*) holds, σ̃Sk ∩ fτ ⊂ σ̃Sk ∩ B = ∅ and analogously

τ̃Sk ∩ fσ = ∅;
• equality (2) holds because σ̃Sk, τ̃Sk represent yσ, yτ , respectively;
• equality (3) is (Rf) for I = ∩M .

Proof of the implication (⇐) of Theorem 1.3.4. The proof is obtained from the proof of the
implication (⇐) of Theorem 1.2.3 by the following changes. Replace the first paragraph by
the following sentence.

Since K is realizable by ∩M,Z and a collection yσ ∈ Hk(M), there are a general position
map f : K → R2k and orientations on k-faces of K such that (Rf,Z) holds for I = ∩M,Z.

Replace Z2 by Z, ‘an even number of points’ by ‘some points the sum of whose signs is
zero’, |A ∩B|2 by A · B, and ∩M by ∩M,Z.

2.3 Deduction of realizability from Z2- or Z-embeddability

The implication (⇒) of Theorem 1.2.3 follows by (the implication (⇒) of) Lemma 2.1.1 and
Lemma 2.3.1.

Lemma 2.3.1. If M is (k − 1)-connected and there is a Z2-embedding h : K →M , then K
is realizable modulo 2 by ∩M and a collection of homology classes yσ ∈ Hk(M).6

For a proof we need the following essentially known definitions and lemma.
In the rest of this subsection M is a compact connected PL 2k-manifold (not necessarily

closed or (k − 1)-connected), and g : K →M is any general position PL map.
Take any pair of non-adjacent k-faces σ, τ . By general position the intersection gσ ∩ gτ

consists of a finite number of points. Assign to the pair {σ, τ} the residue

ν(g){σ, τ} := |gσ ∩ gτ |2.

Denote by K∗ the set of all unordered pairs of non-adjacent k-faces of K. The obtained
map ν(g) : K∗ → Z2 is called the (modulo 2) intersection cocycle of g (we call it ‘cocycle’
instead of ‘map’ to avoid confusion with maps to M). Maps K∗ → Z2 are identified with
subsets of K∗ consisting of pairs going to 1 ∈ Z2. (Maps K∗ → Z2 can also be regarded
as ‘partial matrices’, i.e., symmetric arrangements of zeroes and ones in those cells of the
n× n-matrix that correspond to the pairs of non-adjacent k-faces.)

Let α be a (k − 1)-face of K which is not contained in the boundary of a k-face σ of K.
An elementary coboundary of the pair (α, σ) is the subset δK(α, σ) ⊂ K∗ consisting of
all pairs {σ, τ} with τ ⊃ α.

6The proof shows that the (k−1)-connectedness assumption can be weakened to ‘every map K(k−1) →M
extendable to K is null-homotopic’ (or to the equivalent more cumbersome condition (H) of [PT19, §1.1]).
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Cocycles ν, ν ′ : K∗ → Z2 (or ν, ν ′ ⊂ K∗) are called cohomologous (modulo 2) if

ν − ν ′ = δK(α1, σ1) + . . .+ δK(αk, σk)

for some (k − 1)-faces α1, . . . , αk and k-faces σ1, . . . , σk (not necessarily distinct). Here + is
the componentwise addition (corresponding to the sum modulo 2 of subsets of K∗).

Lemma 2.3.2. Let ν : K∗ → Z2 be a map. There is a general position PL map g′ : K →M
homotopic to g and such that ν(g′) = ν if and only if ν is cohomologous to ν(g).

Remark 2.3.3. Lemmas 2.3.2 and 2.3.4 are essentially known. They were proved by van
Kampen and Shapiro forM = R2k, see a proof in [Sk18, Lemma 1.5.8 and Proposition 1.5.9]
(modulo 2 version for k = 1) and in [Sh57, Lemma 3.5] [FKT, §2] (integer version for any k,
cf. [Sk18, Remark 1.6.4]). The proof for an arbitrary M is analogous (e.g. the finger moves
are done in a regular neighborhoods of a path in M , which is homeomorphic to the 2k-ball).
The ‘only if’ part of Lemma 2.3.4 is [Jo02, Theorem 1], [PT19, Lemma 11], the ‘if’ part of
Lemma 2.3.4 is [Jo02, Theorem 6] (in which the assumptions ‘n ≥ 3’ and ‘M is 1-connected’
are superfluous).

Proof of Lemma 2.3.1. Denote by K(k−1) the union of all those faces of K whose dimension
is less than k. Take a 2k-ball B ⊂ IntM . Since M is (k − 1)-connected, h is homotopic to
a map h′ : K → M such that h′(K(k−1)) ⊂ ∂B. By general position we may assume that
h′
K(k−1) is an embedding into ∂B, and K ∩ IntB = ∅.
For any k-face σ let σ be the cone over h′∂σ with a vertex in IntB. We may assume that

these vertices are in general position. Define a map f ′ : K → B to be h′ on K(k−1), and to
be the cone map on any k-face σ, so that f ′σ = σ. Then f ′ is a general position PL map.

It remains to prove that the complex K is realizable by ∩M and the collection yσ :=
[f ′σ ∪ h′σ]. By Lemma 2.3.2 the intersection cocycles ν(h) = 0 and ν(h′) are cohomologous.
Hence by Lemma 2.3.2 forM = B there is a general position PL map f : K → B homotopic
to f ′ and such that

(∗) ν(f) = ν(f ′) + ν(h′).

Now (Rf) follows because for any non-adjacent edges σ, τ we have

|fσ ∩ fτ |2
(1)
= |f ′σ ∩ f ′τ |2 + |h′σ ∩ h′τ |2

(2)
= |(f ′σ ∪ h′σ) ∩ (f ′τ ∪ h′τ)|2

(3)
= yσ ∩M yτ .

Here
• equality (1) holds by (*) because ν(f){σ, τ} = |fσ ∩ fτ |2 and the same for f ′, h′;
• equality (2) holds because σ∩τ = ∅ and h′

K(k−1) is an embedding, so that f ′σ∩h′ Int τ ⊂
B ∩ h′τ = ∅, and analogously f ′τ ∩ h′σ = ∅.

• equality (3) holds by general position and definitions of yσ, yτ and ∩M .

Proof of the implication (⇒) of Theorem 1.3.4. The proof is obtained from the proof of Lemma
2.3.1 by the following changes. Replace (Rf ) by (Rf,Z), ν by νZ, |A∩B|2 by A ·B, ∩M by
∩M,Z, and f

′σ ∪ h′σ by the integer cycle formed by the union f ′σ ∪ (−h′σ) of f ′σ with the
orientation coming from the orientation of σ, and of h′σ with the orientation coming from
the opposite orientation of σ (and make the same replacement for τ instead of σ). Refer to
Lemma 2.3.4 below instead of Lemma 2.3.2.
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Assume thatM is oriented. Take any orientations on k-faces of K. Assign to any ordered
pair (σ, τ) of non-adjacent k-faces the integer

νZ(g)(σ, τ) := gσ · gτ.

Denote by K̃ the set of all ordered pairs of non-adjacent k-faces of K. The obtained map
νZ(g) : K̃ → Z is called the (integer) intersection cocycle of f . This cocycle is super-
symmetric, i.e., νZ(g)(σ, τ) = (−1)kνZ(g)(τ, σ).

For oriented edge AB of K denote [AB : B] = 1 and [AB : A] = −1 (AB goes to B
and issues out of A). For oriented 2-face ABC of K denote [ABC : AB] = [ABC : BC] =
[ABC : CA] = 1 and [ABC : BA] = [ABC : CB] = [ABC : AC] = −1 (this disagrees
with [Sk18, §2.4.2], but both definitions work). Analogously, for oriented k-face A0A1 . . . Ak

of K and the oriented (k − 1)-face α obtained from A0A1 . . . Ak by dropping the vertex Al

denote [A0A1 . . . Ak : α] = (−1)l. For an oriented (k− 1)-face α′ obtained from α by an odd
permutation let [A0A1 . . . Ak : α

′] = −[A0A1 . . . Ak : α].
Let α be an oriented (k−1)-face ofK which is not contained in the boundary of a k-face σ

ofK. An (integer) elementary coboundary of the pair (α, σ) is the map δK(α, σ) : K̃ → Z

assigning

(−1)k[τ : α] to (σ, τ), [τ : α] to (τ, σ) and 0 to any other pair.

Cocycles ν, ν ′ : K̃ → Z are called (integer) cohomologous if

ν − ν ′ = c1δK(α1, σ1) + . . .+ ckδK(αk, σk)

for some integers c1, . . . , ck ∈ Z, (k − 1)-faces α1, . . . , αk, and k-faces σ1, . . . , σk (not nec-
essarily distinct). Observe that change of the orientation of α forces change of the sign of
δK(α, σ). Hence the cohomology equivalence relation does not depend on the orientations of
(k − 1)-faces.

Lemma 2.3.4. Assume that M is oriented and ν : K̃ → Z is a super-symmetric map. There
is a general position PL map g′ : K → M homotopic to g and such that νZ(g

′) = ν if and
only if ν is cohomologous to νZ(g).

2.4 Byproducts: additivity and even embeddings

The Z2-rank r(X) of a k-complex X is the minimal number rk∩N such that N is a (k− 1)-
connected PL 2k-manifold to which X has a Z2-embedding.

Theorem 2.4.1 (proved in §2.4). We have r(K⊔L) = r(K)+r(L) for any two k-complexes
K,L.

A map f : K → M is called even if f∗α ∩M f∗α = 0 for any α ∈ Hk(K). For k = 1 this
is equivalent to orientability of f : for any cycle subgraph C ⊂ K the orientation of M does
not change along fC.

Theorem 2.4.2. If a k-complex has an even Z2-embedding to M and ∩M is odd, then the

complex has a Z2-embedding to the connected sum of

⌊
rk∩M − 1

2

⌋
copies of Sk × Sk.
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For proofs we need the following addendum to Lemma 2.3.1.
A maximal k-forest T ⊂ K is a maximal subcomplex T ⊂ K such that Hk(T ) = 0.

For any k-face σ ⊂ T set σ̂ = σ̂K,T := 0. For any k-face σ ⊂ K − T there is a unique
σ̂ = σ̂K,T ∈ Hk(K) coming from Hk(T ∪σ). (For k = 1 we have that σ̂ is the union of σ and
the simple path in T joining the ends of σ.)

Addendum 2.4.3. In Lemma 2.3.1 for any maximal k-forest T ⊂ K we can take the
collection yσ = h∗σ̂.

Lemma 2.4.4. If T is a k-complex and Hk(T ) = 0, then any map of T to a (k−1)-connected
space is homotopic to the map to a point.

Sketch of a well-known proof. Since T is a k-complex and Hk(T ) = 0, we have Hk(T ;Z) = 0.
Now the lemma is proved either applying the relative Hurewicz theorem to the mapping
cylinder of the map, or using obstruction theory.

Proof of Addendum 2.4.3. Since M is (k − 1)-connected, by Lemma 2.4.4 we can make a
homotopy of h′ and assume additionally that h′(T ) is contained in a small neighborhood of
∂B. Then

[f ′σ ∪ h′σ] = [f ′σ ∪ h′(σ̂ − σ)] + [h′σ̂] = 0 + h′∗σ̂ = h∗σ̂.

Lemma 2.4.5. Let M be a (k − 1)-connected PL 2k-manifold.
(a) If ∩M is odd, then there is a (k−1)-connected PL 2k-manifoldN1 such that rk∩N1 = 1.
(b) Let A be the Gramian matrix of some homology classes in Hk(M) with respect to ∩M .

Then there is a (k − 1)-connected PL 2k-manifold N such that ∩N has the same rank and
type as A.

Proof. (a)7 If k = 1, 2, then N1 = RP 2,CP 2 satisfy the requirements.
Assume that k ≥ 3. Since ∩M is odd, there is α ∈ Hk(M) such that α ∩M α = 1. By

Lemma 2.2.1 α is represented by an embedding f : Sk → M . Let N1 be the regular neigh-
bourhood of f(Sk). Then N1 is (k− 1)-connected and rk∩N1 ≤ rkHk(N1) = rkHk(S

k) = 1.
Since α ∩M α = 1, it follows that rk∩N1 = 1.

(b) If A is even, then rkA is even. So let N be the connected sum of rkA/2 copies of
Sk × Sk.

If A is odd, then ∩M is odd. Hence by (a) there is a manifold N1 such that rk∩N1 = 1.
So let N be the connected sum of rkA copies of N1.

In both cases ∩N has the same rank and type as A.

Proof of Theorem 2.4.1. The inequality r(K ⊔ L) ≤ r(K) + r(L) is clear. Let us prove that
r(K ⊔ L) ≥ r(K) + r(L). It suffices to prove that rk∩M ≥ r(K) + r(L) if there is a PL
Z2-embedding h : K ⊔ L→M .

Let T be a maximal forest of the complex K ⊔ L. Then T ∩K, T ∩ L are the maximal
forests of K,L, respectively. Denote by Aσ,τ := h∗σ̂∩M h∗τ̂ the Gramian matrix with respect
to ∩M of the homology classes h∗σ̂ corresponding to k-faces σ of K ⊔ L. Denote by AK , AL

the Gramian matrices of the homology classes h∗σ̂ corresponding to k-faces σ of K and of
L, respectively. Then AK , AL are submatrices of A. So

rk∩M

(1)

≥ rkA
(2)
= rkAK + rkAL

(3)

≥ r(K) + r(L).

7Part (a) follows from the PL analogue mentioned in Remark 1.2.4.a. We present a much simpler direct
proof.
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Here
• (1) follows by Lemma 2.1.2;
• (2) follows because for any σ ∈ K, τ ∈ L we have

Aσ,τ = h∗σ̂ ∩M h∗τ̂ =
∑

σ′∈Cσ ,τ ′∈Cτ

|hσ′ ∩ hτ ′|2 = 0

where Cσ, Cτ are some k-cycles representing σ̂, τ̂ , and the last equality holds because h is a
Z2-embedding.

The inequality (3) follows from the inequalities rkAK ≥ r(K) and rkAL ≥ r(L). In the
following paragraph we prove that rkAK ≥ r(K). The inequality rkAL ≥ r(L) is proved
analogously.

By Addendum 2.4.3 the complex K is realizable by ∩M and the homology classes h∗σ̂
corresponding to k-faces σ of K. Hence K is compatible to AK (cf. Lemma 2.1.1). By
Lemma 2.4.5.b there is a (k − 1)-connected PL 2k-manifold N such that ∩N has the same
rank and type as AK . By Theorem 1.2.3 there is a Z2-embedding of K to N . Then rkAK =
rk∩N ≥ r(K).

Comment. Analogues of Theorem 2.4.1 hold for even, for odd and presumably for closed
Z2-ranks, which are defined analogously. The Z-rank rZ(X) of a complex X is defined to be
the minimal number rk∩N,Z such that N is a (k− 1)-connected PL 2k-manifold to which X
has a Z-embedding. We conjecture that rZ(K⊔L) = rZ(K)+rZ(L) for any two k-complexes
K,L.

Proof of Theorem 2.4.2. Take an even Z2-embedding h : K → M and a maximal k-forest in
K. Since ∩M is odd, by Lemma 2.1.5 there is a basis Hk(M) in which the matrix I of ∩M

is diagonal, with only units and zeroes on the diagonal. Let Y be the matrix formed by the
coordinates Yσ of homology classes yσ := h∗σ̂ in this basis. Denote A := Y T IY .

Since h is even, we have Aσ,σ = Y T
σ IYσ = h∗σ̂ ∩M h∗σ̂ = 0, so A is even.

We have I = IT1 I1, where I1 is a rk∩M × rkHk(M) diagonal matrix with units on the
diagonal. Then A = Y T IT1 I1Y = (I1Y )

T I1Y . Hence by Lemma 2.1.3 we have rkA ≤

rk∩M − 1. Since A is even, rkA is even. Hence rkA ≤ 2g := 2

⌊
rk∩M − 1

2

⌋
.

Thus by Lemma 2.3.1, Addendum 2.4.3 and Lemma 2.1.1 K is compatible to A. So by
Theorem 1.2.3 K has a Z2-embedding to the connected sum of g copies of Sk × Sk.

Remark 2.4.6. The following are equivalent:
(EV) there is an even Z2-embedding K → M ;
(CV) K is compatible modulo 2 to an even matrix A with Z2-entries such that rkA ≤

rk∩M ;
(RV) K is realizable modulo 2 by ∩M and a collection of homology classes yσ ∈ Hk(M)

such that yσ ∩M yσ = 0 for each k-face σ;
Proof. The equivalence (CV)⇒(RV) is proved analogously to Lemma 2.1.1.
The implication (RV)⇒(EV) is proved analogously to the implication (⇐) of Theorem

1.2.3 (§2.2). The obtained Z2-embedding h : K → M is even because for any k-cycle C
modulo 2 in K we have

h∗[C] =
∑

σ∈C

fσ#σ̃Sk =
∑

σ∈C

fσ +
∑

σ∈C

σ̃Sk =
∑

σ∈C

σ̃Sk =
∑

σ∈C

yσ,
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which together with yσ ∩M yσ = 0 implies that h∗[C] ∩M h∗[C] = 0.
Let us prove the implication (EV)⇒(RV). Let h : K → M be an even Z2-embedding.

Take a maximal forest in K. By Addendum 2.4.3 we can take the collection yσ = h∗σ̂. Then
yσ ∩M yσ = h∗σ̂ ∩M h∗σ̂ = 0.

2.5 Appendix: reformulations of the criteria

Proposition 2.5.1. The following are equivalent:
(E) there is a Z2-embedding K → M ;
(EH) there is a cohomological Z2-embedding K → M , i.e., a general position PL map

h : K →M such that ν(h) is cohomologous to zero;
(C) K is compatible modulo 2 to a matrix A such that rkA ≤ rk∩M and A is even/odd

if ∩M is even/odd;

(CM) K is compatible modulo 2 to a matrix A such that rkA ≤ rk∩M and A is

(
Hg 0
0 0

)

or

(
E 0
0 0

)
if ∩M is even or odd, respectively.

(R) K is realizable modulo 2 by ∩M and a collection of homology classes yσ ∈ Hk(M);
(R’) there is a collection of homology classes yσ ∈ Hk(M) such that for any 2k-cycle

C ⊂ K∗ we have
∑

{σ,τ}∈C

yσ ∩M yτ = vC(K).

(RT) there is a homomorphism ψ : Hk(K) → Hk(M) such that for any 2k-cycle C ⊂ K∗

and for some (equivalently, for any) maximal k-forest in K we have
∑

{σ,τ}∈C

ψσ̂ ∩M ψτ̂ =

vC(K).
(RI) there is a homomorphism ψ : Hk(K) → Hk(M) such that if α1, . . . , αq, β1, . . . , βq

are k-cycles in K and C :=
q∑

j=1

[αj ×βj ] is a 2k-cycle in K∗, then8
q∑

j=1

ψαj ∩M ψβj = vC(K).

(RH) there is a homomorphism ψ : Hk(K) → Hk(M) such that ω(ψ) = v(K).

The set K∗, the intersection cocycle ν(f) and cohomology of cocycles are defined in §2.3.
By Lemma 2.3.2 the property of being a cohomological Z2-embedding is homotopy invariant
(as opposed to the property of being a Z2-embedding).

Definitions required for (R’). A subset C ⊂ K∗ is called a 2k-cycle (modulo 2) if
for each k-face σ and (k − 1)-face a there is an even number of k-faces τ ⊃ a such that
{σ, τ} ∈ C.

For a 2k-cycle C ⊂ K∗ and a general position PL map f : K → R2k the C-van Kampen
number is defined as vC(K) :=

∑
{σ,τ}∈C

|fσ ∩ fτ |2. This depends only on K,C, not on f .

Cf. [Sk18, Remark 1.5.5.c].

Comment. Clearly,
(a) for any disjoint k-cycles α, β in K considered as unions of k-faces the following is a

2k-cycle:
[α× β] := {{σ, τ} ∈ K∗ : σ ⊂ α, τ ⊂ β} ;

(b) (K5)
∗ and (K3,3)

∗ are 2-cycles;
(c) the sum (modulo 2) of 2k-cycles is a 2k-cycle.

8This C is automatically a 2k-cycle in K2/Z2 ⊃ K∗. Since K is k-dimensional, Hk(K) is the group of
k-cycles in K, so ψαj and ψβj do make sense.
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For k = 1 any 2-cycle in K∗ is a sum of 2-cycles from (a) and (b) above [Sa91, §3.4].
Definition required for (RI). For k-cycles α, β in K considered as unions of k-faces

let
[α× β] := {{σ, τ} ∈ K∗ : σ ⊂ α, τ ⊂ β, {σ, τ} 6⊂ α ∩ β} .

This is a 2k-cycle.

Definitions required for (RH). For an assignment ψ of elements of Hk(M) on k-faces
of K define a mapping (a cocycle)

ω(ψ) : K∗ → Z2 by ω(ψ)(σ, τ) := ψσ ∩M ψτ.

For any homomorphism ψ : Hk(K) → Hk(M) there is an assignment ψ of elements ofHk(M)
on k-faces ofK such that ψ(σ1+. . .+σs) = ψ(σ1)+. . .+ψ(σs) for any k-cycle σ1+. . .+σs. (In
other words, ψ can be regarded as an element of Hk(K;Hk(M)) which is such an assignment
ψ up to cohomology.) Let H2k(K∗) be the group of modulo 2 cohomology classes of cocycles
K∗ → Z2. It is easy to check that

ω(ψ) := [ω(ψ)] ∈ H2k(K∗)

is well-defined, i.e. that cocycles ω(ψ) are cohomologous for cohomologous assignments ψ.
By Lemma 2.3.2 for M = R2k the class v(K) := [ν(f)] ∈ H2k(K∗), where f : K → R2 is

any general position map, is well-defined.

Remark 2.5.2. (a) The properties (RH) and (RI) are topologically invariant, i.e., are stated
in terms of group Hk(K) and elements of the group H2k(K∗), which groups are isomorphic
for PL homeomorphic complexes K, and which elements map naturally under PL homeo-
morphisms. In spite of that, the property (RH) is similar to the non-invariant statement of
[PT19, Theorem 1].

(b) An alternative way to state the above definition of ω(ψ) (analogous to [Kr00, before

Theorem 3.2]) is p∗ω(ψ) = ((ψ×ψ)∗∩M)|K̃ , where p : K̃ → K∗ is the quotient map and ∩M

is considered as an element of Hom(Hk(M)⊗Hk(M)) ∼= Hk(M)⊗Hk(M) which is a direct
summand of H2k(M×M) by the Künneth formula. Since ∩M is symmetric, ((ψ×ψ)∗∩M)|K̃
is symmetric, hence this restriction comes from H2k(K∗).

Below (except for the proof of Proposition 2.5.1) M need not be closed or (k − 1)-
connected.

A map g : K → M induces the homomorphism g∗ : Hk(K) → Hk(M) by the formula
g∗[α] := [gα] for any [α] ∈ Hk(K). The following lemma is simple and well-known.

Lemma 2.5.3. Any homomorphism Hk(K) → Hk(M) is induced by some map g : K → M .

Proposition 2.5.4. Let T be a maximal k-forest of K.

(a) Every k-cycle α in K equals to
∑

σ∈α

σ̂.

(b) Then T := T ×K ∪K × T is a maximal 2k-forest of K ×K.9

(c) For this maximal k-forest and any k-faces σ, τ of K we have σ̂ × τ = σ̂ × τ̂ .
(d) For any 2k-cycle Z in the simplicial deleted product

K̃ := ∪{σ × τ ⊂ |K| × |K| : σ ∩ τ = ∅}
9The product K ×K has a natural structure of a cell complex, the cells being σ × τ for faces σ, τ of K.

A maximal k-forest and σ̂ × τ are defined for cell complexes analogously to the simplicial complexes.
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symmetric w.r.t. the involution (x, y) ↔ (y, x) we have Z =
∑

{σ,τ} : (σ,τ)∈Z

(σ̂ × τ̂ + τ̂ × σ̂).

(e) For any 2k-cycle C ⊂ K∗ we have C =
∑

{σ,τ}∈C

[σ̂ × τ̂ ].

Proof. Part (a) follows because the difference is a k-cycle, lies in T , and hence is trivial.
Proof of (b,c). Using the Mayer-Vietoris sequence and Künneth formula, we see that

H2k(T ) = 0.10 For any pair σ×τ ∈ K×K we have a nontrivial 2k-cycle σ̂× τ̂ ⊂ T ∪{σ×τ}.
Part (d) follows because

Z
(1)
=

∑

σ×τ∈Z

σ̂ × τ
(2)
=

∑

σ×τ∈Z

σ̂ × τ̂
(3)
=

∑

{σ,τ} : (σ,τ)∈Z

(σ̂ × τ̂ + τ̂ × σ̂).

Here (1) holds by (a), (2) holds by (c), and (3) holds because Z ∈ K̃ and Z is symmetric.
Part (e) follows by (d) because the Z2-quotient of σ̂ × τ̂ + τ̂ × σ̂ is [σ̂ × τ̂ ].

Comment. Propositions 2.5.4.de describe simple generators of H2k(K
∗), H2k(K̃) which

are not elements of H2k(K
∗), H2k(K̃). This is useful for our applications, perhaps could be

useful elsewhere, but properly considered to be not very natural. For this reason Propositions
2.5.4.de can be new, although homology of the deleted product have been much studied, for
complexes see e.g. [FH10, MS17] and the references therein.

Lemma 2.5.5. Let g : K → M be a map whose restriction to the (k − 1)-skeleton K(k−1)

of K is null-homotopic. Take a 2k-ball B ⊂ M and a general position map g′ : K → M
homotopic to g such that g′(K) ⊂M − IntB and g′(K(k−1)) ⊂ ∂B. For each k-face σ of K
take a k-disk σ ⊂ B spanning g′(∂σ). For any non-adjacent k-faces σ, τ let

ω(g)(σ, τ) :=
∣∣∣(σ ∪ g′σ)

⋂
(τ ∪ g′τ)

∣∣∣
2
.

(a) The cocycle ω(g) is well-defined, i.e. is independent on B, g′ for fixed g.
(b) The cohomology class of ω(g) is ω(g∗).
(c) The cohomology class of ν(g) is ω(g∗)− v(K).

Lemma 2.5.5 (and its integer version of Remark 2.5.6.d) is essentially proved in [PT19,
Theorem 13]. Parts (a,b) are simple. Part (c) follows from

ω(g)(σ, τ) = |g′σ ∩ g′τ |2 + |σ ∩ τ |2 = (ν(g) + ν(f0))(σ, τ),

where f0 : K → B is the map coinciding with g′ on K(k−1) and such that f0(σ) = σ for any
k-face σ.

Proof of Proposition 2.5.1. The equivalence (E)⇔(C) forms Theorem 1.2.3.
The implication (E)⇒(EH) is clear. The implication (E)⇐(EH) is the particular case of

Lemmas 2.3.2 for ν = 0.
We have (C)⇔(R) by Lemma 2.1.1, and (C)⇔(CM) by Remark 1.2.4.a.
The implication (E)⇒(R) is Lemma 2.3.1. The implication (R)⇒(E) is essentially proved

in the proof of (⇐) of Theorem 1.2.3 (§2.2).
10Here is an independent proof. Take a 2k-cycle Z ⊂ T .

If Z ⊃ T × T , then Z = ∅ because by Künneth formula H2k(T × T ) = Hk(T )⊗Hk(T ) = 0.
If Z 6⊃ T × T , then w.l.o.g. for some k-face σ ∈ K − T the set Zσ := {τ : (τ, σ) ∈ Z} is non-empty. This
set is a k-cycle in T . A contradiction.
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The implications (R)⇒(R’)⇒(RI) are clear.
The implication (RH)⇒(EH) follows from Lemmas 2.5.3 and 2.5.5.
So it remains to prove the implications (RI)⇒(RT)(any) and (RT)(some)⇒(R’)⇒(RH).
The implication (RT)(some)⇒(R’) follows because we can take yσ = ψσ̂.
In this paragraph we prove the implication (R’)⇒(RH). Define the homomorphism ψ : Hk(K) →

Hk(M) by the formula ψ[C] =
∑

σ∈C

yσ. Take a general position map f : K → R2k. We have

ω(ψ) = [ω(ψ)] = [ν(f)] = v(K). Here the first and the third equalities are obvious. The
second equality holds because the scalar product H2k(K∗)×H2k(K

∗) → Z2 is nondegenerate

and for any 2k-cycle C ⊂ K∗ we have
∑

{σ,τ}∈C

(ω(ψ)− ν(f))(σ, τ) = 0.

In this paragraph we prove the implication (RI)⇒(RT)(any). Denote yσ = ψσ̂. By

Proposition 2.5.4.e there are k-cycles αj , βj, j = 1, . . . , q such that C =

q∑

j=1

[αj × βj ]. Then

∑

{σ,τ}∈C

yσ ∩M yτ
(1)
=

q∑

j=1

∑

{σ,τ}∈[αj×βj ]

yσ ∩M yτ
(2)
=

(2)
=

q∑

j=1

∑

σ∈αj ,τ∈βj

yσ ∩M yτ
(3)
=

q∑

j=1

ψαj ∩M ψβj
(4)
= vC(K).

Here
• (1) follows by definition of C;
• (2) follows because for every pair {σ, τ} ⊂ αj ∩ βj we have yσ ∩M yτ + yτ ∩M yσ = 0;
• (3) follows by Proposition 2.5.4.a;
• (4) follows by (RI).

Remark 2.5.6 (integer versions). In this remark M is an oriented PL 2k-manifold.

(a) Let H2k
s (K̃;Z) be the group of cohomology classes of super-symmetric cocycles

K̃ → Z (defined in §2.3). Analogously to the above one defines vC,Z(K) ∈ Z, ωZ(ψ) and

ωZ(ψ), vZ(K) ∈ H2k
s (K̃;Z) for a homomorphism ψ : Hk(K;Z) → Hk(M ;Z).

(b) Integer analogues of the equivalences of Proposition 2.5.1 not involving (C) and (CM)
hold. E.g. the integer analogue of (E)⇔(R) is Theorem 1.3.4; the integer analogue of (RH)
is as follows: there is a homomorphism ψ : Hk(K;Z) → Hk(M ;Z) such that ωZ(ψ) = vZ(K).

(c) The complex K is realizable by the matrix Hg,Z and some collection of vectors yσ if and
only if K is compatible to a matrix A such that rkA ≤ 2g. Cf. (CM)⇔(R) of Proposition
2.5.1. Let us deduce this statement from Lemmas 2.1.2 and 2.1.6.

Proof of the implication (⇒) is obtained from the proof of the implication (⇒) of Lemma
2.1.1 for I even by replacing ‘even’ with ‘skew-symmetric’ and ‘rkA ≤ rk I’ with ‘rkA ≤ 2g’.

Let us prove the implication (⇐). By Lemma 2.1.6 the number r := rkA is even and
there is an r×n matrix Y such that A = Y THr/2Y . Denote by Y1 the 2g×n matrix obtained
from Y by adding 2g − r zeroes below each column of Y . Then A = Y T

1 HgY1. Denote by
(ei) the basis in which I has the matrix Hg,Z. Denote by yσ the vector whose coordinates in
the basis (ei) form the corresponding column of matrix Y1. Then (Rf ) holds.

(c) A map g : K →M induces homomorphism g∗ : Hk(K;Z) → Hk(M ;Z) by the formula
g∗[α] := [gα] for any [α] ∈ Hk(K;Z). It is simple and well-known that any homomorphism
Hk(K;Z) → Hk(M ;Z) is induced by some map g : K →M . Cf. Lemma 2.5.3.
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(d) The analogue of Lemmas 2.5.5.abc hold for ν(g), v(K) and ω(g) replaced by νZ(g), vZ(K)
and ωZ(g), where ωZ(g)(σ, τ) := (σ ∪ (−g′σ)) · (τ ∪ (−g′τ)) ∈ Z.

Remark 2.5.7. Consider the problems of existence of a Z2- or Z-embedding K → M
homotopic to given map K →M .

(a) Assume that k ≥ 3 and M is simply connected. A map K → M is homotopic to an
embedding if and only if the map is homotopic to a Z-embedding.

This is proved analogously to Theorem 1.3.1.a. The analogue for k = 2 is incorrect by
Theorem 1.3.1.c. The analogue for k = 1 is correct analogously to the analogue for k = 1 of
Theorem 1.3.1.a.

(b) (algorithms) Let TM be a triangulation of M and g : K → TM be a simplicial map
whose restriction to the (k− 1)-skeleton of K is null-homotopic. Then there are polynomial
algorithms for checking the existence

• of a Z2-embedding K →M homotopic to g;
• of a Z-embedding K →M homotopic to g, if M is oriented.
This follows from the criteria in (c,d). The algorithms are polynomial because the ob-

tained system of equations is linear.
(c) Let g : K → M a general position PL map whose restriction to the (k − 1)-skeleton

of K is null-homotopic. Then following are equivalent.
(Eg) there is a Z2-embedding homotopic to g;
(EHg) ν(g) is cohomologous to the zero cocycle;
(RTg) for any 2k-cycle C ⊂ K∗ and for some (equivalently, for any) maximal k-forest

in K we have
∑

{σ,τ}∈C

g∗σ̂ ∩M g∗τ̂ = vC(K).

(RIg) for any k-cycles α1, . . . , αq, β1, . . . , βq in K such that C :=
q∑

j=1

[αj × βj] is a

2k-cycle in K∗ we have
q∑

j=1

g∗αj ∩M g∗βj = vC(K).

(RHg) ω(g∗) = v(K).
This (even with more equivalent conditions) is proved analogously to Proposition 2.5.1.
(d) Suppose that M is oriented. Let g : K → M a general position PL map whose

restriction to the (k − 1)-skeleton of K is null-homotopic. Then there is a Z-embedding
K → M homotopic to g if and only if νZ(g) is cohomologous to the zero cocycle.

This is the particular case of Lemma 2.3.4 for νZ = 0. Other criteria (c) have also their
integer analogues.
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