
Manifold Atlas: supplementary material for the page Formal group laws and genera

Proposition 3.1. The following relation holds in U2(X):

(1) u+
H
v = FU (u, v) = u+ v +

∑
k≥1, l≥1

αkl u
kvl,

where the coefficients αkl ∈ Ω−2(k+l−1)
U do not depend on X. The series FU (u, v) given by (1) is a formal group law

over the ring ΩU = Ω∗U .

Proof. We first do calculations with the universal example X = CP∞ × CP∞. Then

U∗(CP∞ × CP∞) = Ω∗U [[u, v]],

where u, v are canonical geometric cobordisms given by the projections of CP∞×CP∞ onto its factors. We therefore
have the following relation in U2(CP∞ × CP∞):

(2) u+
H
v =

∑
k,l≥0

αkl u
kvl,

where αkl ∈ Ω−2(k+l−1)
U .

Now let the geometric cobordisms u, v ∈ U2(X) be given by maps fu, fv : X → CP∞ respectively. Then u =
(fu × fv)∗(u), v = (fu × fv)∗(v) and u +

H
v = (fu × fv)∗(u +

H
v), where fu × fv : X → CP∞ × CP∞. Applying the

Ω∗U -module map (fu × fv)∗ to (2) we obtain the required formula (1). The fact that FU (u, v) is a formal group law
follows directly from the properties of the group multiplication CP∞ × CP∞ → CP∞. �

Theorem 3.2 (Buchstaber).

FU (u, v) =

∑
i,j≥0[Hij ]u

ivj(∑
r≥0[CP r]ur

)(∑
s≥0[CP s]vs

) ,
where Hij (0 ≤ i ≤ j) are Milnor hypersurfaces and Hji = Hij.

Proof. Set X = CP i × CP j in Proposition 3.1. Consider the Poincaré–Atiyah duality map D : U2(CP i × CP j) →
U2(i+j)−2(CP i × CP j) and the map ε : U∗(CP i × CP j) → U∗(pt) = ΩU

∗ induced by the projection CP i × CP j → pt.
Then the composition

εD : U2(CP i × CP j)→ ΩU
2(i+j)−2

takes geometric cobordisms to the bordism classes of the corresponding submanifolds. In particular, εD(u+
H
v) = [Hij ],

εD(ukvl) = [CP i−k][CP j−l]. Applying εD to (1) we obtain

[Hij ] =
∑
k, l

αkl[CP i−k][CP j−l].

Therefore, ∑
i,j

[Hij ]u
ivj =

(∑
k, l

αklu
kvl
)(∑

i≥k

[CP i−k]ui−k
)(∑

j≥l

[CP j−l]vj−l
)
,

which implies the required formula. �

Theorem 3.3 (Mishchenko). The logarithm of the formal group law of geometric cobordisms is given by

gU (u) = u+
∑
k≥1

[CP k]

k + 1
uk+1 ∈ ΩU ⊗Q[[u]].

Proof. We have

dgU (u) =
du

∂FU (u,v)
∂v

∣∣∣
v=0

.

Using the formula of Theorem 3.2 and the identity Hi0 = CP i−1, we calculate

dgU (u) =
1 +

∑
k>0[CP k]uk

1 +
∑

i>0([Hi1]− [CP 1][CP i−1])ui
.

A calculation of Chern numbers shows that [Hi1] = [CP 1][CP i−1]. Therefore, dgU (u) = 1 +
∑

k>0[CP k]uk, which
implies the required formula. �
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Theorem 3.4 (Quillen). The formal group law FU of geometric cobordisms is universal.

Proof. Let F be the universal formal group law over a ring A. Then there is a homomorphism r : A → ΩU which
takes F to FU . The series F , viewed as a formal group law over the ring A ⊗ Q, has the universality properties for
all formal group laws over Q-algebras. Such a formal group law is determined by its logarithm, which is a series with

leading term u. It follows that if we write the logarithm of F as
∑
bk

uk+1

k+1 then the ring A⊗Q is the polynomial ring

Q[b1, b2, . . .]. By Theorem 3.3, r(bk) = [CP k] ∈ ΩU . Since ΩU ⊗ Q ∼= Q[[CP 1], [CP 2], . . .], this implies that r ⊗ Q is
an isomorphism.

By the Lazard Theorem the ring A does not have torsion, so r is a monomorphism. On the other hand, Theorem 3.2
implies that the image r(A) contains the bordism classes [Hij ] ∈ ΩU , 0 ≤ i ≤ j. Since these classes generate the whole
ring ΩU , the map r is onto and thus an isomorphism. �

Taras Panov
Department of Geometry and Topology
Faculty of Mathematics and Mechanics
Moscow State University, Leninskie Gory
119991 Moscow RUSSIA

E-mail address: tpanov@higeom.math.msu.su


