Proposition 6.4. The geometric cobordism in CP*xCP7 corresponding to the element x+y € H?(CP*xCP7) is
represented by the submanifold H;;. In particular, the image of the fundamental class (H;j;) in HQ(Hj,l)((CPi X
CP7) is Poincaré dual to x + y.

Proof. We have x +y = ¢1(p}(77) ® p5(77)). The classifying map fy1,: CP* x CP? — CP* is the composition
of the Segre embedding

o: CP! x CP? — CPYTHI,
(z0:...02zi) X (wo t ... wj) — (20Wo : ZoW1 * ...t ZKWE S ... 1 Z;Wj),

and the embedding CPY T+ — CP*>. The codimension 2 submanifold in CP* x CP? corresponding to the
cohomology class x+y is obtained as the inverse image o~ (H) of a generally positioned hyperplane in CP¥+i+J

(i.e. a hyperplane H transverse to the image of the Segre embedding). By its definition, the Milnor hypersurface
is exactly o~1(H) for one such hyperplane H. O

Lemma 6.5. We have

7 Zf 1 =0, e Hij :(ijil;
2, if i=j=1
sl =4 ifi=1,7>1;

—("9), ifi> L

Proof. Let ¢ = 0. Since the stably complex structure on Hy; = CP’~! is determined by the isomorphism
T(CPHeC2n®...®7 (j summands) and z = ¢1(#), we have

s-1[CPI™) = jalH(CPY) = ;.

Now let 2 > 0. Then

229 + (j+ 1)y?, ifi=1;
0, ifi> 1.
Denote by v the normal bundle of the embedding ¢: H;; — CP? x CP’. Then
(1) T(Hy) ©v =1"(T(CP' x CPY)).
Since ¢1(v) = v*(z 4 y), we obtain s;4;_1(v) = *(z +y) L

Assume ¢ = 1. Then by (1) and the previous Proposition,

si[Hiz) = s;(T (Hy;))(Hyz) = o5 (227 + (j + Dy’ — (z +y)?)(Hyy)

5145 1(T(CP' x CPY)) = (i + 1)z~ 4 (j + 1)y +1 = {

j j ; : 2, ifj =1;
— (207 + (j+ 1) — (z+y)) (@ +y)(CP xCPIy =7 =
0, if 7 > 1.

Assume now that ¢ > 1. Then s;4;_1(7(CP* x CP7)) = 0, and we obtain from (1) and the previous
Proposition that

Sivjo1[Hij] = —sipjo1(V)(Hy) = = (@ +y)(Hy) = —(x + )" (CP' x CPT) = — (7).



