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Lemma. Let f : M → N be a degree d map of 2i-dimensional almost complex manifolds, and let ξ be a complex j-plane
bundle over N , j > 1. Then

si+j−1[CP (f∗ξ)] = d · si+j−1[CP (ξ)].

Proof. Let p : CP (ξ)→ N be the projection, γ the tautological bundle over CP (ξ), and γ⊥ the complementary bundle,
so that γ ⊕ γ⊥ = p∗(ξ). Then we have

T (CP (ξ)) = p∗TN ⊕ TF (CP (ξ)),

where TF (CP (ξ)) is the tangent bundle along the fibres of the projection p. Since TF (CP (ξ)) = Hom(γ, γ⊥) and
Hom(γ, γ) = C (a trivial complex line bundle), we obtain

TF (CP (ξ))⊕ C = Hom(γ, γ ⊕ γ⊥).

Therefore,

(1) T (CP (ξ))⊕ C = p∗TN ⊕Hom(γ, γ ⊕ γ⊥) = p∗TN ⊕Hom(γ, p∗ξ) = p∗TN ⊕ (γ̄ ⊗ p∗ξ),
where γ̄ = Hom(γ,C).

The map f induces the map F : CP (f∗ξ)→ CP (ξ) with the following properties:

(a) pF = fp1, where p1 : CP (f∗ξ)→M is the projection;
(b) degF = deg f ;
(c) F ∗γ is the tautological bundle over CP (f∗ξ).

Using (1), we obtain

si+j−1
(
T (CP (ξ))

)
= p∗si+j−1(TN) + si+j−1(γ̄ ⊗ p∗ξ) = si+j−1(γ̄ ⊗ p∗ξ)

(since i+ j − 1 > i), and similarly for T (CP (f∗ξ)). Thus,

si+j−1[CP (f∗ξ)] = si+j−1
(
T (CP (f∗ξ))

)〈
CP (f∗ξ)

〉
= si+j−1

(
(F ∗γ̄)⊗ p∗1f∗ξ

)〈
CP (f∗ξ)

〉
= si+j−1

(
F ∗(γ̄ ⊗ p∗ξ)

)〈
CP (f∗ξ)

〉
= si+j−1(γ̄ ⊗ p∗ξ)〈F∗CP (f∗ξ)〉
= si+j−1(γ̄ ⊗ p∗ξ)〈d · CP (ξ)〉
= d · si+j−1[CP (ξ)].
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